Abstract. For a Lie group G and a smooth manifold W , we study the difference between smooth actions of G on W and fiber bundles over the classifying space of G with fiber W and structure group Diff(W ). In particular, we exhibit smooth manifold bundles over BSU (2) that are not induced by an action. The main tool for reaching this goal is a technical result that gives a constraint for the values of tautological classes of the fiber bundle associated to a group action.
Introduction and statement of results
Throughout this work, G stands for a Lie group and W denotes a closed connected smooth oriented manifold of dimension 2n. If G acts smoothly on W , this gives rise to a map BG → BDiff(W ), where Diff(W ) stands for the group of orientationpreserving diffeomorphisms of W endowed with the Whitney C ∞ -topology. Such maps classify fiber bundles with fiber W and structure group Diff(W ), which will henceforth be called smooth W -bundles. Let us denote the set of all smooth actions of G on W by Hom(G, Diff(W )). For a paracompact model of the classifying space BG, the above assignment can be seen as a map This leads to the following question.
Question 2. For which pairs (G, W ) do there exist non-kinetic smooth W -bundles over BG?
In the case that G is a discrete group, Question 2 relates to an open problem about flat manifold bundles. Indeed, for discrete G, a smooth W -bundle E → BG is kinetic if and only if it admits a flat structure: both properties are equivalent to the condition that the classifying map BG → BDiff(W ) admits a lift along BDiff(W ) δ → BDiff(W ), where BDiff(W ) δ is the classifying space of the group Diff(W ) with the discrete topology. Thus, in the case that G is discrete, a nonkinetic bundle BG → BDiff(W ) is one that does not admit any flat structure. For instance, suppose that G = π 1 (Σ a ) and W = Σ b , where Σ g is a closed connected surface of genus g. Establishing the existence of a non-kinetic bundle in this case is equivalent to showing that there is a surface bundle over a surface that does not admit a flat structure. Whether such bundles exist is an open problem, see e.g. the question at the end of the introduction of [BCS13] . In this work, we instead focus on the case where G is a compact connected Lie group. For most purposes, we in fact specialize to the case G = SU (2). We use characteristic classes of manifold bundles, i.e., cohomology classes α ∈ H * (BDiff(W ); Q), as a tool to answer question 2 in infinitely many cases. For any such α and any smooth action of G on W , we can pull α back along the induced map s : BG → BDiff(W ) to get a cohomology class s * α ∈ H * (BG; Q). This process can be seen as a map
and one of the results of this paper is a statement about the image of this map for G = SU (2) and α particular generalized Miller-Morita-Mumford classes. We recall the definition of these classes in Section 2. Our results are concerned with manifolds that have the following property.
Definition 3. A manifold W of dimension 2n is called rationally odd, if all its rational cohomology apart from H 0 (W ; Q) and H 2n (W ; Q) is supported in odd degrees.
Note that any manifold W of dimension 2n which is rationally odd satisfies χ(W ) ≤ 2, and χ(W ) = 2 if and only if W has the rational cohomology of S 2n . Examples of manifolds that are rationally odd are given by W g = # g (S n × S n ) for n ≥ 1 odd and g ≥ 0 arbitrary, where # g denotes g-fold connected sum. The following statement is the first main result of this paper.
Theorem A. Let G = SU (2) and let W be a manifold of dimension 2n. Suppose that W is rationally odd and satisfies χ(W ) < 0. For any non-trivial smooth action of SU (2) on W that induces the map s : BSU (2) → BDiff(W), let b 1 , . . . , b n ∈ Q be such that the formula
holds, where c 2 ∈ H 4 (BSU (2); Q) denotes the second Chern class, p i denotes the i th Pontryagin class and e denotes the Euler class. Then, the numbers b i are all integers and moreover, their greatest common divisor is a power of 2.
Remark 4. As any power of 2 is non-zero, one obtains from Theorem A that for any manifold as stated and any non-trivial action of SU (2) on W that induces
at least one of the classes s * κ ep i ∈ H 4i (BSU (2); Q) is non-zero.
It is worth mentioning that for G = SU (2) and a fixed manifold W , the individual classes κ ep i can in fact take infinitely many values when all possible actions of G on W are considered. We prove this in Section 6. It is also explained how this implies that there exist infinitely many non-isomorphic kinetic smooth S 2 × S 2 -bundles over BSU (2), see Corollary 11. Once Theorem A is established, we use it to prove the following second main result. It answers Question 2 in infinitely many cases, in particular it applies to W g = # g (S n × S n ) if n ≥ 3 is odd and g > 1.
Theorem B. Let W be a closed connected manifold which is rationally odd, admits a non-trivial smooth action of SU (2) and satisfies χ(W ) < 0. Then there exist smooth W -bundles over BSU (2) which are non-kinetic. 
. . , p n−1 , p n , e]/(e 2 − p n ), one may form
where the integral stands for integration along the fibers. In the case that E and B are smooth manifolds, the two constructions involved in this definition have a geometric interpretation: the vertical tangent bundle T π E is isomorphic to ker (dπ : T E → T B), and the map π : H * (E; Q) → H * −2n (B; Q) is Poincaré dual to the map π * induced by π on homology. The corresponding class κ c is usually called the tautological class or generalized Miller-Morita-Mumford-class associated to c, though sometimes it is also simply referred to by the name κ-class. This construction is natural in B, so it makes sense to regard the κ c as classes in the cohomology of BDiff(W ), the base of the universal smooth W -bundle. We usually require c to be a monomial in the classes p 1 , . . . , p n−1 and e; the collection of all such monomials is denoted by B.
Circle actions
Suppose the circle S 1 acts smoothly on a manifold W of dimension 2n, giving rise to a map s : BS 1 → BDiff(W ). For any class c ∈ H * (BSO(2n); Q), it is useful to know the value of s * κ ec ∈ H * (BS 1 ; Q). Let us denote the canonical generator (i.e., the Euler class) of the Q-algebra H * (BS 1 ; Q) by γ. To give a formula for s * κ ec ∈ H * (BS 1 ; Q), let us first analyze the linear case, i.e., we consider a linear action of S 1 on R 2n . For any a ∈ Z, let us denote the 2-dimensional real representation S 1 → S 1 = SO(2), z → z a by ℓ a . Then ℓ 0 is the trivial 2-dimensional representation, and the ℓ a for a = 0 are all the non-trivial irreducible real representations of S 1 . Thus, any 2n-dimensional real representation V has the form ℓ a 1 ⊕ · · · ⊕ ℓ an for numbers a 1 , . . . , a n ∈ Z, the weights of V .
Lemma 5. For a 1 , . . . , a n ∈ Z, the map BS 1 → BSO(2n) induced by the real representation ℓ a 1 ⊕· · ·⊕ℓ an sends c ∈ B (2j) ⊂ H 2j (BSO(2n); Q) to σ c (a 1 , . . . , a n )γ j ∈ H 2j (BS 1 ; Q), which is defined as follows. For c = p i , we set
, where σ j denotes the j th elementary symmetric polynomial. We also set σ e (a 1 , . . . , a n ) = a 1 · · · a n .
Finally, we impose the conditions σ cc ′ = σ c σ c ′ to define σ c for all c ∈ B (there is no contradiction arising from the relation e 2 = p n ).
Remark 6. The second equality sign in equation (5) above holds since the summands appearing in σ 2i (a 1 , −a 1 , a 2 , −a 2 , . . . , a n , −a n ) cancel each other, except those which contain both a k and −a k for 1 ≤ k ≤ n or neither of each of them.
Proof. Let a ∈ Z be arbitrary and let us denote the complex representation
Thus, we obtain the following commutative diagram.
Going to classifying spaces and using the definition p i (V ) = (−1) i c 2i (V ⊗ C) of the Pontryagin classes in terms of Chern classes, this diagram implies the assertion for all the Pontryagin classes. For the Euler class e, the assertion follows from the Whitney sum formula.
We now prove a result about the possible fixed points that could arise from smooth circle actions on manifolds. For this, we consider the rational Betti numbers of a space X, given by b j (X) := dim Q H j (X; Q). For a finite CW-complex X, we can define the following non-negative integers by summing up the even and odd Betti numbers,
Lemma 7. Suppose S 1 acts smoothly on the manifold W . Then, the set of fixed points M = W S 1 is a submanifold of even codimension, and there is an integer
Proof. The first part of the statement is a well-known fact, see [DK00, Chapter 2.6 and 2.7]. The idea of the proof of the second part, which was inspired by Example 3.4 in [RW18] , is to use equivariant localization. Recall that for any finite S 1 -CW-complex X, one can consider the equivariant cohomology groups, defined as Suppose S 1 acts smoothly on a 2n-dimensional closed manifold W . Choose a Riemannian metric on W which is invariant under the circle action. For any fixed point x ∈ W of the action, we get a 2n-dimensional orthogonal representation S 1 → O(T x W ) at x, which we denote by V x . Since V x depends continuously on x, any two fixed points that can be joined by a path will produce isomorphic representations. The following result is central for proving Theorem A.
Lemma 8. Suppose S 1 acts smoothly on a manifold W of dimension 2n. Let W S 1 = M 1 ∐ · · · ∐ M r be the decomposition of the fixed point set into connected components. Suppose that for x ∈ M i , 1 ≤ i ≤ r, the tangential representation V x i has weights a i,1 , . . . , a i,n . Then, for any c ∈ B (2j) , the induced map s :
Proof. For any fibration E → B for which the fiber F is a finite CW-complex and the base B is connected, Becker and Gottlieb define a transfer map of spectra τ : Σ ∞ + B → Σ ∞ + E, see [BG75, BM76] . This map is natural in the base and satisfies that the composition Σ ∞ + π • τ : Σ ∞ + B → Σ ∞ + B is multiplication by χ(F ) on singular homology, see [BG75] . Let us now consider the smooth W -bundle π : E → BS 1 arising from pulling back the universal smooth W -bundle along the map s. The Becker-Gottlieb transfer τ : Σ ∞ + BS 1 → Σ ∞ + E is then related to fiber integration as follows. For any characteristic class c = c(T π E) ∈ H 2j (E) of the vertical tangent bundle of π, the equation τ * c = π ec = s * κ ec holds. We proceed by splitting W into the manifolds M i and the open set U = W −(M 1 ∪· · ·∪M r ). Let us decompose the smooth W -bundle E → BS 1 accordingly. Moreover, let V i be pairwise disjoint regular open neighborhoods of the subspaces M i that are invariant under the S 1 -action, for all i = 1, . . . , r, and let V = V 1 ∪ · · · ∪ V r . We then have a pull-back square of bundles over BS 1 :
In the abelian group of homotopy classes of stable maps [BM76] . Furthermore, the circle actions on E U and E U ∩V do not have fixed points, which implies that the vertical tangent bundles for these manifold bundles are trivial. Finally, the total space of the bundle E V → BS 1 is trivial up to homotopy over BS 1 , i.e., E V ≃ (M 1 ∐· · ·∐M r )×BS 1 . On the other hand, the vertical tangent bundle T E V is not trivial: if we restrict it to V i , we get that it is induced from the tangential representation V x i : BS 1 → BSO(2n). We can thus apply Lemma 5 to deduce the following equation.
For a trivial fibration with connected fiber F , the Becker-Gottlieb transfer simply multiplies by the Euler characteristic χ(F ), so for the fibration E V → BS 1 we get by linearity that τ * (1
Combining everything, we thus obtain
where we have used Lemma 5 in the last step. This finishes the proof.
Representation theory of SU(2)
In this section, we recall some basic representation theory of SU (2), see any book on the representation theory of Lie groups, for instance [BtD85] . All finite-dimensional irreducible complex representations of SU (2) are given by V λ , where 2λ is a nonnegative integer. The value λ is sometimes called spin of the representation. These representations are defined as V λ = Sym 2λ (V reg ), where V reg = V 1/2 is the regular representation C 2 on which SU (2) acts by matrix multiplication. The weights of 
Proof of Theorem A
Proof. Assume W is a closed, connected manifold of dimension 2n. Recall the map
from the introducton. It takes a smooth action of SU (2) on W that induces a map s : BSU (2) → BDiff(W ) and assigns the value s * κ ep i ∈ H 4i (BSU (2); Q) to it. Fix a maximal torus S 1 ⊂ SU (2). For any smooth action of SU (2) on W , we then get an induced action of the circle S 1 on W . The fixed point set M = W S 1 of this action is a submanifold M ⊂ W of even codimension, see Lemma 7. By the same Lemma, we also deduce that b even (M ) ≤ b even (W ) = 2 and χ(M ) = χ(W ) < 0. The first condition alone implies that M is either S 0 or a connected manifold, and since χ(S 0 ) = 2, the former cannot be the case. We have thus shown that M has to be connected. For a point x ∈ M , the tangential S 1 -representation V x at x is given by a sequence (a 1 , . . . , a n ) of weights. Since M is connected, this sequence is independent of the choice of x. We now claim that at least one of these weights has to be ±1 or ±2. In the case that x is fixed by the whole group SU (2), the S 1 -representation V x extends to a non-trivial representation of SU (2), and this case follows from Proposition 9. The second case is that x is not a fixed point for the action of the whole group SU (2). Then, the isotropy group of x has to be a 1-dimensional subgroup of SU (2) containing the chosen maximal torus S 1 . There are only two such subgroups, namely S 1 and its normalizer N ∼ = O(2). The orbit of x is then either S 2 = S 1 \SU (2) or RP 2 = N \SU (2). For both cases, we get that the weight of V x corresponding to the plane tangential to this orbit has to be equal to 1. So we have seen that in all cases one of the weights has to be equal to ±1 or ±2.
We now study the values of s * κ ep i ∈ H 4i (BSU (2); Q). For this, let us recall that by Lemma 8, we get that the composite map t :
. Since the map on cohomology H * (BS 1 ; Q) ← H * (BSU (2); Q) induced from the inclusion S 1 ⊂ SU (2) is injective and sends c 2 to γ 2 , we deduce that the map s :
. . , a 2 n ). Up to sign, the numbers b i , 1 ≤ i ≤ n are the coefficients of the monic polynomial q(t) ∈ Z[t] of degree n with roots a 2 i , 1 ≤ i ≤ n. If all of them were divisible by an odd prime p, it would follow that q(t) ≡ t n (mod p). Since t n does not have ±1 or ±2 as roots in Z/pZ, this is a contradiction. Hence no odd prime divides all of the numbers b i and thus their greatest common divisor is a power of 2.
Infinitely many smooth bundles over BSU (2)
The purpose of this section is to prove that for a fixed manifold W , G = SU (2) and α ∈ H * (BDiff(W ); Q), it is possible that the map
from the introduction has an infinite image. As a consequence, we obtain that there are infinitely many different kinetic manifold bundles over BSU (2) with the same fiber W . We will only consider the case W = S 2 × S 2 which is sufficient to exhibit the described phenomenon.
Proposition 10. For any even integer k ≥ 0, there exists a smooth action of SU (2) on S 2 × S 2 such that the induced map s k : BSU (2) → BDiff(S 2 × S 2 ) satisfies s * k κ ep 1 = 4(k 2 + 1)c 2 , where c 2 ∈ H 4 (BSU (2); Z) denotes the second Chern class. Proof. Let k ≥ 0 be even. Two-dimensional oriented real vector bundles over S 2 are classified by π 2 BSO(2) ∼ = Z, and this number coincides with the Euler number of such a bundle. Consider the unique two-dimensional oriented real vector bundle ξ over S 2 of Euler number k. If it is endowed with a Euclidean metric, the S 1 -bundle of unit vectors can be identified with SU (2)/(Z/kZ). It thus receives an action of SU (2), via multiplication on the left. This SU (2)-action extends by scaling to the whole vector bundle, where the action on the zero section is given by left translation on SU (2)/S 1 ∼ = S 2 . It is clear that this action is smooth near the zero section. Let us now consider the double of the unit disk bundle, which is a smooth S 2 -bundle over S 2 and its total space E also receives an action of SU (2). It is classified by the composition S 2 → BSO(2) → BSO(3), which is null since k was assumed to be even, hence the bundle is trivial. In particular, its total space E is diffeomorphic to S 2 × S 2 . Finally, for a maximal torus S 1 ⊂ SU (2), the set of fixed points E S 1 consists of 4 points, and the weights of the normal representations at these points are (±k, ±1). By Lemma 8, this implies that the corresponding composite map t : BS 1 → BSU (2) → BDiff(S 2 × S 2 ) satisfies t * κ ep 1 = 4(k 2 + 1)γ 2 ∈ H 4 (BS 1 ; Q). Since the isomorphism H 4 (BS 1 ; Q) ← H 4 (BSU (2); Q) sends c 2 to γ 2 , this implies the assertion.
The preceding proposition is relevant for two different reasons. Firstly, it shows that the rather arithmetic nature of our main theorem is not just a mere coincidence-a result constraining s * κ c for s : BSU (2) → BDiff(W ) induced by an action cannot just give a bound on all possible values that might arise. Secondly, it implies the following result.
Corollary 11. There are infinitely many non-equivalent kinetic smooth S 2 × S 2 -bundles over BSU (2).
Non-kinetic manifold bundles over BSU(2)
In this section we prove Theorem B. We first show that its assumptions are satisfied for the manifold W g of dimension 2n if n ≥ 3 is odd and g > 1. The only part that needs to be explained is the following.
Proposition 12. For any n ≥ 3 and g ≥ 1, the manifold W g = # g (S n × S n ) admits a non-trivial smooth action of SU (2).
Proof. (Compare [GGRW17, Section 4.1]) Let V = R 3 on which SU (2) acts via the two-fold covering map SU (2) → SO(3) and the natural action of SO(3) on R 3 . Furthermore, let R n−2 be endowed with a trivial action of SU (2). Then S n can be identified with the unit sphere in V ⊕ R n−2 and thus inherits a smooth action of SU (2). This also gives a smooth action of SU (2) on S n ×S n , by acting as described on the first factor and trivially on the second. The set of global fixed points of this action is S n−3 × S n = ∅. Now we can equivariantly glue g copies together along fixed points to obtain a non-trivial smooth action of SU (2) on W g .
To prove Theorom B, we recall a result originally due to Sullivan, see [Sul05, Corollary 5.10 on page 165], which was later refined by Mislin, see [Mis87] .
Theorem 13 (Sullivan-Mislin). The map [BSU (2), BSU (2)] → Z given by looping a map and then taking the degree of the self-map of ΩBSU (2) ≃ S 3 is injective and the image is {0} ∪ {odd squares}.
For k ≥ 1 odd, the (up to homotopy uniquely defined) map ψ : BSU (2) → BSU (2) such that deg(Ωψ) = k 2 is denoted by ψ k . Sullivan calls these maps generalized Adams-operations; they relate to the more familiar Adams-operations in topological K-theory. It is clear that ψ k induces multiplication by k 2i on H 4i (BSU (2); Q) ∼ = Q. We now prove Theorem B.
Proof. Let W be as required by the assumptions. In particular, we assume that there exists a non-trivial smooth action of SU (2) on W . From Theorem A, we know that the corresponding map s : BSU (2) → BDiff(W ) satisfies s * κ ep i = b i χ(W )c i 2 , for integers b 1 , . . . , b n whose greatest common divisor is a power of 2. Now for any odd prime p, we can consider the corresponding Adams-operation ψ p :
It now follows from Theorem A that f is not induced by an action of SU (2) on W , i.e., the smooth W -bundle over BSU (2) corresponding to f is non-kinetic.
Some open questions
One might wish to go beyond Theorem B by changing the group or the manifold under consideration. The circle is often considered to be the most fundamental Lie group, so it would be interesting to answer the following question. Question 14. Does there exist a non-kinetic smooth manifold bundle over BS 1 ? If so, for which smooth manifolds W as fibers is this possible?
The author will refrain from speculating whether such bundles exist. However, the following proposition provides a negative answer for surfaces.
Proposition 15. For a closed connected oriented surface Σ, every smooth Σ-bundle over BS 1 is kinetic.
Proof. Smale proved that the inclusion SO(3) ֒→ Diff(S 2 ) is a weak equivalence [Sma59] , and Dwyer-Zabrodsky showed that for any compact Lie group H and any p-toral group P , the map Hom(P, G)/G → [BP, BG] is bijective, see [DZ87, Not93] . When both results are combined, it follows that all bundles BS 1 → BDiff(S 2 ) are indeed kinetic, which settles the case Σ ∼ = S 2 . In the case Σ ∼ = T 2 , it follows from Smale's theorem that there is a homotopy fiber sequence BT 2 → BDiff(T 2 ) → BGL 2 (Z), see [EE67] . By covering space theory, the map BS 1 → BDiff(T 2 ) is homotopic to one that can be lifted to a map BS 1 → BT 2 . Now the conclusion follows again from the result of Dwyer-Zabrodsky. In the remaining case of higher genus, the Earle-Eells theorem states that the components of Diff(Σ g ) are contractible [EE67] . Hence the space BDiff(S g ) is a K(Γ g , 1), with Γ g = π 0 Diff(Σ g ) the mapping class group. Thus, again by covering theory, every map BS 1 → BDiff(S g ) is null. In particular, every surface bundle over BS 1 with fiber a surface of higher genus is trivial.
Going in a different direction, one can also keep G = SU (2), but enlarge the class of manifolds that are considered. The following conjecture seems plausible.
Conjecture 16. Let W be an arbitrary closed manifold and suppose SU (2) acts smoothly and non-trivially on it. Let s : BSU (2) → BDiff(W ) be the induced map on classifying spaces. For k > 1 odd, the bundle classified by s • ψ k : BSU (2) → BDiff(W ) is non-kinetic.
Theorem B says that this conjecture is true for many manifolds, in particular it holds for # g (S n × S n ) in case n ≥ 3 is odd and g > 1. It is unclear whether it also holds for such manifolds if n is even.
